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O S C I L L A T I O N S  O F  AN I D E A L  L I Q U I D  A C T E D  U P O N  

BY S U R F A C E - T E N S I O N  F O R C E S .  C A S E  O F  A D O U B L Y  

C O N N E C T E D  F R E E  S U R F A C E  

V .  R .  O r e l  UDC 532.593 

Many a r t i c l e s  have appeared  on the p rob l ems  of sma l l  osci l la t ions  of an ideal liquid acted upon 
by su r f ace - t ens ion  fo rces .  Osci l la t ions  of a liquid with a single f ree  sur face  are t r e a t ed  in [1, 
2]. Osci l la t ions  of an a r b i t r a r y  num b er  of immisc ib le  liquids bounded by equi l ibr ium su r f aces  
on which only zero  volume osc i l la t ions  are a s sumed  possible  are  invest igated in [3]. We con-  
s ide r  below the p rob lem of the osci l la t ions  of an ideal liquid with two free su r faces  on each of 
which nonzero volume d is tu rbances  are k inemat ica l ly  poss ib le .  The d is turbances  sa t i s fy  the 
condition of constant total  vo lume.  A method of solution is p resen ted .  The p rob lem of a x i s y m -  
m e t r i c  osc i l la t ions  of a liquid sphere  in contact  with the p e r i p h e r y  of a c i r cu l a r  opening is con-  
s ide red  neglect ing g rav i ty .  The f i r s t  two e igenfrequencies  and osc i l l a to ry  modes are found. 

w 1. Suppose a c e r t a i n v o l u m e  Q of an ideal liquid bounded by solid walls of a conta iner  S and two f ree  
su r f ace s  Z I and ~2 (Fig. 1) is in a s ta te  of s table  equi l ibr ium; p is the density of the liquid, and a l  and ~ a r e  
the sur face  t ens ions .  The ex te rna l  field of body forces  has the potent ial  II. 

We cons ider  sma l l  osc i l la t ions  of  the liquid about the equi l ibr ium posit ion. We denote by ni(~) the 
no rma l  to the undis turbed sur face  Z i (i =1, 2) at the point ~ d i rec ted  outward f rom the region Q, and by ui(~, t) 
a smal l  d i sp lacement  along n i at t ime  t >-0. We assume that the d isp lacement  ui(~, t) is a twice continuously 
different iable  function of the p a r a m e t e r  ~ ( ~ i ) .  We denote by D i the set  of such functions. Let D= D~ • 2 be 
the space  of all pa i r s  of functions { u~, u 2} where  u i E D i. We u s e t h e v e c t o r  notation u ~{ ul, u~} for  the e l e -  
ments  of the set  D, We define the s c a l a r  product  in D (u ,v  ~D) 

(u, v) :: .! ~ir~d-~1--!- .!" ~l:t,.,r ~-.,. 
Z~ E., 

We introduce the d isplacement  potential  #(q, t), q ~  (J to desc r ibe  smal l  osci l la t ions  of an ideal  liquid [4]. 
For  any t ~-0 the potential  4~ is a solution of the p rob l em 

:~(1) ::: 0, c[ ~ (); 

0(I~/cOn!~ =: 0: 0q~,;0n~t~ i : :  z/~ (i : : t. 2). 

(1 . t)  

The n e c e s s a r y  condition for  the solvabi l i ty  of the inner Neumann p rob lem (1.1) is the conserva t ion  of 
volume [5] 

(l, u) == .i" .~id -vl -: ~ z:..d Z ...... l~. (1.2) 
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Fig. 1 

We denote by D o the subspaee of the space D which contains the e lements  u sat isfying Eq. (1.2). It is 
known [5] that for  eve ry  u ~ D  0 prob lem (1.1) has a solution ~b which is unique to within an a rb i t r a ry  function 
of the t ime f(t). We set  T;(~, t )~@(~ ,  t)t~.~ + ( i= l ,  2). ~t can be shown [1-31 that a mat r ix  of l inear  opera tors  
G = IIGik II (i, k=1,2)  exis t s  connecting an a r b i t r a r y  e lement  u of D o with the corresponding vec to r  r ---[~,~, ~I,~}: 

= ~u  + l i .  (1 .3)  

Using the p roper t i e s  of harmonic  functions [5] it can be es tabl ished that the opera to r  G is sy m met r i c  
and positive in the space Do; this means that (11 ~ 0) 

(Gu, u) > 0, u ~ Do. (1.4) 

We consider  the mat r ix  different ia l  ope ra to r  A= ]] AiSikll (i, k = l ,  2)and D, 

A~u~ ----- o~(--A~ + ~(~))u~(~, t), ~ ~ ~ ,  u~ ~ D~. 

[71 

(t .5) 

Here A i is the Laplaeian ope ra to r  [6] on the surface  Zi, and the function Ti(~) is given by the express ion  

t 0II 4H 2 (~) -~ 2K~ (~), 

where Hi(~) is the mean curvature  and Ki(0  is the Gaussian curva ture  [6l at the given point ~E~ i. 

Let L i be the line of in tersec t ion  of the sur faces  ~i and S. The kinematic slipping condition for the dis-  
placement  ui(~, t) on L i has the fo rm [I, 7l 

~u~/~e+ ~ Zi(~)u i = O, ~ ~ Li (i = l, 2). (1.6) 

Here e i is a unit vec to r  along the outward normal  to the line L i drawn tangent to the surface  ~i at the point ~ ; 
the function •  is g iven by the express ion  [1, 7] 

~(~(~) --= I• cos ?+ -- ~h(~_)l/sin ?~ (sin ~/~ :/= t)), 

where Yi is the contact angle, ~i(~ )is the curva ture  of a normal  c ross  section of the free  surface Ei along 
the direct ion ei;  ~i(~) is the s imi la r ly  defined curvature  of a normal  c ross  section of the wetted surface  S 
at point ~ L i  (i=1, 2). 

Let  Di~ be the set of functions u i f rom D i which sat isf ies  the conditions (1.6). It can be shown [8] that 
the ope ra to r s  A i (1.5) are s y m m e t r i c  on the sets  D~ (i =1, 2). T h e r e f o r e ,  the mat r ix  opera to r  A is sym-  
me t r i c  on DI X • D2X. We set  W 0 -=D o !J (DtX • D2)/). Since the volume Q is in stable equil ibrium, taking account 
of the fo rm of the second var ia t ion of the potential  energy  of the sys tem of  two sur faces  El and ~ {9] we ob- 
tain (u~0) 

(Au, u) > 0, u E W0. (1.7) 

We write down the l inear ized  dynamic conditions sat isf ied by the values ~ and ~2 of the displacement  
potential  �9 on the f ree  sur faces  [1, 2, 4J (k =1, 2) 

--~(O~#Ot~)(~, t) = Ahuh(~, t) § l(t), ~ E 2~. (1.8) 

Assuming eve rywhere  a t ime dependence of the fo rm exp(io+~) and using (1.3), we write (1.8) in the fo rm 
(f = const) 

o)-+9Gu = Au -~- fl, 

f rom which we obtain by using (1.2), (1.4), and (1.7) 

o) 2 == [(Au, u)/,o(Gu, u)](> 0), u ~ Wo. (1.9) 

Following [8] we cons ider  the chain of minimizat ion problems  
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(0~ = I l l i I l  ~ ,  j =  t ,  9 (1.10) 
uj_~P( , ) . . . . . . .  

to find the  e i g e n f r e q u e n c i e s  coj and the  o s c i l l a t o r y  m o d e s  zj of  the vo lume  Q of an ideal  l iquid,  where  W j -  1 (j =2, 
3 . . . .  ) is  a s u b s p a c e  of s p a c e  W 0 o r thogona l  to  the  v e c t o r s  { z~, ... ,  z j - l } ,  known f r o m  the so lu t ion  of the  p r e c e d -  
ing p r o b l e m s ,  on which  the  s u c c e s s i v e  m i n i m a  { r 1,2 ..., cc~_l} of Eq.  (1.10) a r e  r e a c h e d .  

w 2. We ind ica te  one p o s s i b l e w a y  of c o n s t r u c t i n g  and so lv ing  the  sequence  of  p r o b l e m s  (1.10). We denote 
by ~k ,  ~j the  e lgenfunc t ions  o f  the  o p e r a t o r s  A t, A 2 on the s e t s  D ~ ,  D~, and by u k,/~j (k, j = 1, 2 . . . .  ) the c o r -  

r e s p o n d i n g  e i g e n v a l u e s  

A1% = %(Pk, qc~ ~ D~; A ~ j  = ,u~:~, ~-~ ~ D~. (2.1) 

Since e a c h  o p e r a t o r  A t is s y m m e t r i c  on Di x [8] the  e i g e n v a l u e s  u k, Pk ( k = l ,  2 . . . .  ) a re  r e a l ,  and the s y s -  
t e m s  of  funct ions  {Ok}, {~k } a r e  o r t h o g o n a l  on the  c o r r e s p o n d i n g  DlX. W i t h o u t l o s s  o f g e n e r a l i t y w e a s s u m e t h a t  

the  s y s t e m s  { ~p k } , { ~ k } a r e  n o r m a l i z e d  a n d t h e  s e t s  of  e i g e n v a l u e s  { v k}, { g k} a r e  a r r a n g e d  in a s c e n d i n g  o r d e r .  

Le t  N be a pos i t i ve  i n t e g e r .  We c o n s i d e r  the  f i n i t e - d i m e n s i o n a l  s u b s p a c e  Wo N of  the space  W0(D 0 L. (D~ x 
D2X)) s u c h t h a t  e v e r y  e l e m e n t  uEW0 N has  the f o r m  

. 1 
l~i ah rf h' g--=l bh ~;k J" 

By defini t ion,  the e l e m e n t s  of  the se t  Wo N s a t i s f y  the c o n s e r v a t i o n  of vo lume  (1.2) 

' N 2N 
( u , l ) - -  _ ~" a~ . i q k d V - l =  _ ~ b k~( % : d y a =  ~ c%u,~=0, (2.2) 

k = l  x't h = l  X.. k : i  

w h e r e  
a,h-~ = ak; a..k = b~ (k = 1. '2 . . . .  , A:); 

u'~k--i = ,( % d  E 1, tc2~ = ( % d  2.,. (2.3) 

K n o w i n g  the  se t  of  n u m b e r s  (2.3) { w k} we can c o n s t r u c t  a f undamen ta l  se t  of  so lu t ions  YN = { Yl, Y2 . . . . .  
Yn} of  Eq. (2.2). The v e c t o r s  Yk e n t e r i n g  YN a re  2N d imens iona l ,  and t h e i r  n u m b e r  n is d e t e r m i n e d  by the 
n u m b e r  of  nonze ro  coe f f i c i en t s  w k (2.3) and the k i n e m a t i c  r e s t r i c t i o n s  i m p o s e d  on the o sc i l l a t i ons  of  the v o l -  
u m e  Q.  It can be shown tha t  2 ( N - l )  -< n -  2N. In p a r t i c u l a r ,  if d i s p l a c e m e n t s  u i with nonze ro  v o l u m e s  a re  ad -  
m i s s i b l e  on both s u r f a c e s ,  and among  the n u m b e r s  w k at l ea s t  two a re  d i f fe ren t  f r o m  z e r o ,  n = 2 N - 1 .  

To  e a c h  v e c t o r  yk(~YN) t h e r e  c o r r e s p o n d s  a defini te  e l e m e n t  v k of  the space  Wo N ( k = l ,  2 . . . .  n), 

I ~ ,  ' Y2,,hr X ~ t (2.4) Vh ~ Y 2 i - - l , k q ' i ,  ~ �9 
i i = l  

The v e c t o r s  v k f o r m  a b a s i s  in WoN , and t h e r e f o r e  e v e r y  e l e m e n t  u~WoN has  the  f o r m  

u = ~ c~vi. (2.5) 
i = l  

We denote  by (~k the so lu t ion  of p r o b l e m  (1.1) with boundary  condi t ions  given by the v e c t o r  v k (2.4). On 
the f r e e  s u r f a c e  Z i ! i=  1, 2) the d i s p l a c e m e n t  po ten t i a l  q'k goes  o v e r  into the funct ion ~I,i, k in which the v e c t o r s  
v k andl*k={'IQ,k, 'I~2, k) (1-<k-<n) a r e  connec ted  by the  r e l a t i o n  (1.3). 

Subst i tu t ing  (2.5) into (1.9), we obta in  

r x~ x ~ (2 .6)  ~- ~ (llhCiCh gj lCjC l 
i= I  h : ,  l= l  

w h e r e  
N N 

a~n = ah i  ~- m v ly21- -1d  Y2/- - I ,k  ~ '  m ~AlY2l,i!]2I,k; 
/ : 1  I~I 

.,, 3 21+  
l=.t  ~ 21 1=1 ~e 

(2.7) 
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Both quadrat ic  fo rms  are posi t ive-def ini te  and, t he re fo re  [10], there  is a l inear  t rans format ion  of the 
var iab les  { ci, c~ . . . . .  Cn}: 

c~ = ~ U~Xl, (2 .8 )  

which gives Eq. (2.6) the fo rm  

~ =  ~ ~x~ x (2.9) 

t Iere  the {h k } are  a r ranged  in o r d e r  of increas ing  roots  of the equation [101 

det IIai~ Eg~[I -- 0. 

Solving (1.10), the p rob lem of minimizing Eq. (2.9), we obtain approximate values of the f requencies  
wj, n and the modes ~'j,n of the natural  v ibrat ions  of the volume Q: 

? l  

r = ~r~,  Z~,N = ~ U~v~, ] = t, 2 . . . . .  n. 

w Let  us c o n s i d e r a v o l u m e  Q of an ideal liquid in the fo rm of a sphere  of radius R and neglect  gravi ty  
(12- 0). We assume that the liquid sphere  is in contact with the pe r iphe ry  of a c i r cu l a r  opening of radius r < 1~ 
without changing its shape. The c i rc le  of contact divides the surface  of the sphere  into two par ts  Y l, ~ (Fig. 
2). We denote the half-angle of the spher ica l  segment ~i (i =1, 2) by f~i" We set fll =fl (Fig. 2) and then P2 = 

By assuming that the wettabil i ty of the pe r iphe ry  of the opening is complete ,  the boundary conditions 
(1.6) have the fo rm 

ullL, = u21L, = 0. 

We assume that the surface  tensions on E t and E z are the same (a t =a 2 =a). Then it can be shown [9] 
that for  all values  of/3 different  f rom 7r/2 the inequality (1.7) is sa t isf ied and the volume Q is in stable equi-  

l ibr ium.  

On each segment Y'i (i =1, 2) we introduce i ts 'own curv i l inea r  coordinate sys tem {~, s}, where ~ is the 
angle of rotat ion about the axis of symmet ry ,  and s is the arc  length m easu red  along the mer idian  f rom the 
pole of the segment (s =0) to the edge of the opening (s =R~i). We consider  only ax i symmet r ic  osci l lat ions 
of the liquid sphere  Q. The p rob lem of determining the eigenvalues and eigenfunctions of the ope ra to r  A i 
(1.5) on the set D x takes  the fo rm [9] 

--(a/R2)(d~u/da ~ + ctg adu/da + 2u) = ~u, 0 < ~ < St, (3.1) 
lu(o)L< + ~ ,  u(8~) = o, ~ = ~,2. 

The eigenfunctions of problems (3.1) are I l l ]  Legendre  functions of the f i rs t  kind Pyk(COS o~), P~k(COS o~) 
(k= l ,  2, . . .),  where Vk and ~k are success ive  roots  of the equations 

Pv(cos 81) = 0; Pn(cos 82) = 0. (3.2) 

To simplify the calculat ions we set p, or, and R =1, which cor responds  to the t rans format ion  to the di- 
mens ionless  p a r a m e t e r  ~z in (2.6). It can be shown that the dimensional  f requency of oscil lat ions is re la ted  

to the dimensionless  f requency by the express ion  

to2(P, (L R ) =  (a/pR3)a)~(i, t, 1). (3.3) 

The eigenvalues  vk and ~k of the ope ra to r s  A l and A~ are given by the express ions  [11] 

'~h = 7k(~k + 1) -- 2; t~k = ~lh(~lk + t) -- 2. (3.4) 

The normal ized  eigenfunctions ~k(C0 and Ck( o~ of the ope ra to r s  A I and A~ have the fo rm 

q)k (a) = P ~  (cos a) N~ -1, a ~ (0, ~1); 

~2~(a) -= Pnk(cos r M~ -l, a ~ (0, 8z), 

where 
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N2 : .i" (Pv~ (cos a)) ~ sin adz; M 2 : S (Pnh (cos ~))~ sin ada .  
0 0 

We obta in  the  v o l u m e s  w k (2.3) by i n t eg ra t i ng  the  funct ions  ~o k and Ck o v e r  the  s u r f a c e  of a s p h e r e  of  
uni t  r a d i u s ,  

w2~-I : 2~ .I ~P~ (a) sin ada; tc,~ : 2~ J ~ (a)sin ada, (3.5) 
0 0 

k = i ,  2 . . . . . .  

Ca l cu l a t i ons  [9] showed  tha t  the  n u m b e r s  w k w e r e  d i f fe ren t  f r o m  z e r o  f o r  any h a l f - a n g l e s  of  the s p h e r -  
i ca l  s e g m e n t s ,  and t h e r e f o r e  

V2J--I  = / .2 , 2 
w 2 ~ _ i ~ "  w2j 

, 

�9 -- w2i-l*J 1 
' - - i f - - - - - 2  ' I ~ ] ~ N ;  

f o ] T w 2 j + i  

(3.6) 

can  be t a k e n  as  the  b a s i s  v e c t o r s  v k (2.4) of  the  space  Wo N. 

The  f l m d a m e n t a l  s y s t e m  of  so lu t ions  of  Eq~ (2.2) c o r r e s p o n d i n g  to the  v e c t o r s  (3.6) c o n s i s t s  of  the e l e -  
m e n t s  

0, i ~ k  or ~ k @ t  
b l,h+ 1 ( 2 , . "  ~- ,~ g~h=:~-- ) wh+1 w~=-~k+l ]  ' , i =  k (3.7) 

h " 2 2 - - i /2  �9 ( - - t )  wk[wh+wk+j) , ~ = k + l ,  
i -----l, 2 .... 2N; k = : i  ..... ---2N-- i .  

By subs t i tu t ing  into (2.7) and us ing  (3.3) and (3.7) we obta in  fo r  the  coe f f i c i en t s  aik(1 ~ i, k ~  2 N - 1 )  

N 

= = E + (3 .8 )  

In o r d e r  to d e t e r m i n e  the e l e m e n t s  of  the  m a t r i x  gik  (2.7) we c o n s t r u c t  so lu t ions  of  p r o b l e m  (1.1) with 
b o u n d a r y  condi t ions  g iven  by the  v e c t o r s  (3.6). Le t  0 be the angle m e a s u r e d  along the  m e r i d i a n ' o f  the  s p h e r e  
(R =1) f r o m  the pole of  the s e g m e n t  Z 1 (0 =0) to the  pole of  the  s e g m e n t  Z~ (0 =r0,  Us ing  the  known [5] s o l u -  
t ion  of  the inne r  Neumann  p r o b l e m  (1.1) fo r  a s p h e r e  we obta in  an e x p r e s s i o n  f o r  the  d i s p l a c e m e n t  po ten t i a l  
~k on the s u r f a c e :  

r (i, O) = ~ (t -~- I / 2/) Pz (cos O) ii f~ (a) Pt (cos cz) sin adcz, (3.9) 

k = t , 2  . . . . .  2 N - - I ,  

whe re  the  Pl (cos o~) a re  L e g e n d r e  p o l y n o m i a l s  [5, 11], and f k ( ~  is the d i s t u rbance  of  the s u r f a c e  of s p h e r e  
Q given by the v e c t o r  v k (3.6) 

{v. ~(0), 0 E (o, ~), 
f~(O) = v,, h(.n - -  0), 0 ~ (~, ~). (3,10) 

We in t roduce  the se t  of  n u m b e r s  (j =1,  2 . . . .  , N; l =1,  2 . . . .  ) 

p 
PLz = J" q0j (cr P~ (cos a) sin ada; 

0 
~_Z (3.11) 

qJ,~ = .f ~J (a) Pz (cos a) sill ada. 
0 

Noting tha t  

qi,l = ( - - i )  ~ ,i ~ J ( z ~ - - ~ ) P t ( c ~  
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and using for  Vk in (3.10) the e x p r e s s i o n  (2.4), Eq. (3.9) can be wri t ten in the f o r m  ( k = l ,  2 ... . .  2 N - 1 )  

�9 ~ (1, O) = '~ (l + 1 /2/) Vh,zP~ (cos 0), 
l = i  

where  

N 

V~,l-= Z (Y2J--~,hPL~- (-- t)zY"J hqJ 'tl" 
j = l  

Hence,  by evaluat ing the in tegra l s  for  the coeff ic ients  gik in Eq. (2.7) ove r  the sur face  of a unit sphere  we ob-  
ta in  (i, k = l ,  2 . . . . .  2 N - l )  

g~k = gJ,~ = 2n $~ (i ~- l / 2l) Viyht. (3.12) 
l = i  

Let us fix a ce r ta in  ha l f -angle  /~ (>~/2) of the spher i ca l  segment  ~1 (Fig. 2). Specifying the numb er  N 
of functions Ok, r k on the s u r f ace s  ~I, Z2, and p e r f o r m i n g  the n e c e s s a r y  calculat ions by using the fo rmulas  
given above, we find the coeff ic ients  a ik  (3.8) and gik (3.12). By minimizing (2.6) with n = 2 N - 1  we obtain the 
approx imate  values  of the d imens ion less  f requencies  co i ~ and the cor responding  a x i s y m m e t r i c  osc i l l a to ry  
modes  z j ,  N of sphere  Q. The t r a n s f o r m a t i o n  to dime~si*onal f requencies  is given by (3 3). 

The calcula t ions  were  p e r f o r m e d  by compute r .  Tabula ted  values  [9] of  the roots  of Eqs.  (3.2) and vo l -  
umes  (3.5) were  used.  A good approximat ion  of the f i r s t  two osc i l l a to ry  modes (for 90~ fl < i50 ~ was obtained 
by taking N=4 .  The quant i t ies  gj, l and pj, 1 (3.11) {j =1, 2, 3, 4; l =1, 2 . . . . .  m) were  calcula ted by numer i ca l  
in tegrat ion with a check on accuracy .  The n u m b e r  m of Legendre  polynomials  taken into account in (3.12) 
va r i ed  f r o m  10 to 50 as fl was inc reased .  The method of ro ta t ions  was used  to minimize  Eq. {2.6) to the f o r m  
{2.8) and to calcula te  the roots  of Eq. (2.9). 

F igure  3 shows the dependence of the f i r s t  two f requencies  ~ and c0 s of a x i s y m m e t r i c  na tura l  osci l la t ions  
of liquid sphere  Q on the angle of  f ixation # ~ ( 9 0 ,  150~ 

Figure  4a, b, c shows the na tura l  osc i l l a tory  modes  z~, z~ of sphere  Q for  angles fi =90, 120, and 145 ~ 
r e spec t ive ly .  Calculat ions showed that  the f i r s t  mode of a x i s y m m e t r i c  osc i l la t ions  of the sphere  has the same  
sign on the s m a l l e r  segment  Y2 for  all va lues  of the angle ft. On the l a r g e r  segment  ~i  the f i rs t  mode z I has 
the s ame  sign for  f l~(90 ~ 115~ for  fl >115 ~ the re  is one change of sign. The second mode z 2 of na tu ra l  o s c i l -  
lat ions fo r  fl <108 ~ changes sign once on the s m a l l e r  segment ,  and for  fl >108 ~ the second mode has the s ame  
sign on Z 2 (Fig. 4b, c). On segment  Z l for  fl~(90 ~ 139 ~ the second osc i l l a to ry  mode changes sign once (Fig. 
4a, b); for  ~ >139 ~ (Fig. 4c) the second mode changes sign twice .  

In conclusion,  the author  thanks  F. L. Chernous 'ko  for  posing the p r o b l e m  and for  his a t t e n t i o n t o t h e w o r k .  
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D Y N A M I C S  OF A D I V E R G I N G  L I Q U I D  M E N I S C U S  IN 

A C A P I L L A R Y ,  T A K I N G  I N T O  A C C O U N T  T H E  S P E C I F I C  

PROPERTIES OF THIN FILMS 

B.  V. Z h e l e z n y i  UDC 532.68 

The theory of the diverging meniscus of a Newtonian liquid for capillary flow conditions at low 
meniscus velocities,in which the thermodynamic and rheological features of thin wetting films 
appear, is set forth. Two cases are considered: thermodynamically stable wetting film with 
high viscosity in the boundary layer  on a completely wetted solid surface and a thermodynam- 
ically unstable film on a conditionally wetted solid surface exhibiting a liquid slip effect. 

The relation between the thickness h* of the film left on the walls of the cylindrical capillary behind a 
diverging liquid meniscus and the rate v at which the meniscus t ravels  is determined when studying the prop- 
er t ies  of wetting films in the capillary method [1]. Extrapolation of h,  (v) to zero velocity makes it possible 
to find the thickness of equilibrium films with a meniscus in capillaries of various radii R andtothereby deter-  
mine the basic thermodynamic character is t ic  of equilibrium wetting films - the wedging pressure  isotherm. 
Moreover, h ,  (v) provides information about the rheological propert ies  of wetting films. A theory of the di- 
verging meniscus that would take into account the specific propert ies of thin films is necessary  in order  to 
interpret  this information and to correc t ly  extrapolate h,  iv) to zero velocity. 

The dynamics of the diverging meniscus of a wetting liquid has been previously considered under the 
assumption that the film deposited on a solid film surface exhibits the properties of a bulk liquid phase (the 
viscosity coefficient 770 and coefficient of surface tension a are given by tables) [2-4]. Various methods have 
yielded the equation 

~ d ~ h / d l  3 = 3~lov( l / h  ~ - -  h , / h 3 ) ,  (1) 

which describes steady flow in one direction in a flat film of a Newtonian liquid on a p lane(or  c i rcular  cy- 
lindrical) solid surface if flow occurs only due to capillary forces (capillary flow regime). In Eq. (1) h,  is the 
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